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Abstract 

A braided subfactor determines a coupling matrix Z which commutes with 
the S- and T-matrices arising from the braiding. Such a couphng matrix is not 
necessarily of "type I", i.e. in general it does not have a block-diagonal struc- 
ture which can be reinterpreted as the diagonal coupling matrix with respect to 
a suitable extension. We show that there are always two intermediate subfac- 
tors which correspond to left and right maximal extensions and which determine 
"parent" coupling matrices of type I. Moreover it is shown that if the inter- 
mediate subfactors coincide, so that Z+ = Z~ ^ then Z is related to Z+ by an 
automorphism of the extended fusion rules. The intertwining relations of chiral 
branching coefficients between original and extended S- and T-matrices are also 
clarified. None of our results depends on non-degeneracy of the braiding, i.e. the 
S- and T-matrices need not be modular. Examples from SO{n) current algebra 
models illustrate that the parents can be different, Z+ ^ Z^, and that Z need 
not be related to a type I invariant by such an automorphism. 

1 Introduction 

A prominent problem in rational conformal field theory (RCFT) is the classification 
of modular invariants. Though it is usually a difhcult task and solved only for a 



few special models (e.g. 19|), its mathematical formulation is simple: For a given 
unitary, finite-dimensional representation of the modular group SL(2;7j), let S = 
(Sx^fj.) and T = (Ta,^) denote the matrices representing the generators ('^^"q^) and 
(q ^) , respectively. In the representations of interest T is diagonal, S is symmetric, S'^ 
is a permutation, and S\fi > 5*0,0 > 0. Here "0" is a distinguished label, referring to 
the "vacuum sector". A modular invariant is then a "coupling matrix" Z (or "mass 
matrix") commuting with S and T, 

SZ = ZS, and TZ = ZT , (1) 



1 



and subject to the constraints 



Za,^ = 0,1,2,... , and Zo,o = 1 • (2) 

These constramts reflect the physical background of the problem: The coupling ma- 
trix usually describes multiplicities in the decomposition of the Hilbert space TYphys 
of physical states of a 2D conformal field theory under the action of a "symmetry 
algebra" A0 A which is a tensor product of two copies[| of a "chiral algebra" A, 

giving rise to a modular invariant partition function 

Here the xa's and X/i's are the conformal characters of the representations Hx and 
Hf^, and the modular group action of S and T comes from resubstitution of their 
arguments, leaving the sesqui-linear combination Z invariant. The condition Zq^q = 1 
then expresses the uniqueness of the vacuum state. 

The simplest example for a coupling matrix is the "diagonal case", Zx,^ = Sx,^, 
which always gives a modular invariant partition function. More interesting non- 
diagonal modular invariants arise whenever the chiral algebra can be extended by 
some local fields. Of special relevance are the so-called type I invariants |11] for 
which the entries of the coupling matrices can be written as 

Zx,t^ = br,xbr,tM , (3) 

and which refer directly to the extension through their "block-diagonal" structure: 
The label r runs over the representations of the extended chiral algebra A^^^, and 
the non-negative integers br^x describe the branching of a representation r into A's 
according to the inclusion A C A"^^^. The branching coefficients fulfill brfl = St,o (by 
some abuse of notation we denote the vacuum sector of A^^^ also by "0"), thus guar- 
anteeing the normalization condition Zq^ = 1. Rewriting the partition function in 
terms of the extended characters Xr^* = J2x ^t,aXAi any type I modular invariant can 
be considered as completely diagonal: Z^^^, = 5r',T- It is argued in |12, 29] that after 



extending the chiral algebras maximally, the coupling matrix of a partition function 
in RCFT is at most a permutation, Z^^^, = where the permutation lo is an 

automorphism of the extended fusion rules, satisfying to{0) = 0. As a consequence, a 
maximal extension A C A^^^ in RCFT produces a coupling matrix of some modular 
invariant partition function which can be written as 



^In generic RCFTs one does not necessarily start with a symmetry algebra made of two iden- 
tical chiral algebras. However, Eq. (Q) is designed for such a symmetric situation, whereas in the 
"heterotic" situation one has to deal with different S- and T-matrices intertwined by Z. 
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Partition functions of the form Eq. (^) which are not of type I, Eq. are usually 



referred to as being "type 11" [11| 



Given matrices S and T arising from the modular transformations of a collection 
of characters x\ ^ RCFT, the solution of the mathematical problem given in Eqs. 
(|l]) and (^) can neverthelss yield coupling matrices which are neither of type I nor of 
type II. Note that a coupling matrix of the form in Eq. (Q) has necessarily "symmetric 
vacuum coupling", Z\fi = Zq^x- However, even for rather well-behaved models like 
SO{n) current algebras there are known matrices Z satisfying Eqs. (|l]) and (|2|), but 
which do not have this symmetry, cf. Section |^ below. Chiral algebras often admit 
different extensions, and only then, but much more rarely, modular invariants with- 
out symmetric vacuum coupling have been found. Namely, it can happen that two 
chiral extensions A C A'^^ of the original chiral algebra A are compatible such that 
a given coupling matrix has to be interpreted as an "automorphism" invariant with 
respect to the enhanced "heterotic" symmetry algebra A'^^ (8" A'^^. (It seems that 
this possibility has sometimes been ignored in the literature although the heterotic 
case was taken into account in ||2^.) Unfortunately the standard terminology "per- 
mutation" and "automorphism" is a bit misleading in the heterotic case because the 
labels of left and right sectors are generically different. A more precise notion would 
be "bijection" and "isomorphism of fusion rules", and the distinction between diag- 
onal and permutation invariant does no longer make sense for a maximally extended 
heterotic symmetry algebra. Finally, in case that for a fixed theory there are several 
modular invariant partition functions it may happen that a linear combination of 
their coupling matrices yields a solution of Eq. (^) , which may however fail to have a 
consistent interpretation as a partition function |37, [3^, Such modular invariants 



without physical interpretation seem to be extremely rare. 

The mathematical classification problem of Eqs. ([l|) and (|2|) was considered in 
^, 0] by means of subfactor theory, using the ideas of a-induction [28, 41, |5| and 



double triangle algebras ||30|] . The analysis in [|6|, [7|] addressed in particular the problem 
of understanding the relation between modular invariants, graphs and "nimreps" 
(non-negative integer valued matrix representations of the Verlinde fusion algebra) 
— a puzzling connection going back to the celebrated A-D-E classification of p^ , 
its general nature noticed in |l^ and further studied in 31, ||. It follows 



from [ |32| , |l^ , 15] that a (type HI) von Neumann factor with a system N'^n of 
braided endomorphisms give rise to certain "statistics" matrices S and T, which are 
modular whenever the braiding is non-degenerate |3^. It was shown in that then 
an inclusion A^ C M of von Neumann factors which is compatible with the system 
N^N determines a coupling matrix Z by a-induction, 

Zx,n = {al,a'^) , X,neNXN, (5) 

solving Eqs. (|l|) and (§) even if the braiding is degenerate. Here and a~ are 
the two inductions of A and fi, coming from braiding and opposite braiding, and 
the bracket {a~^,a~) denotes the dimension of their relative intertwiner space. From 
current algebra models ( "WZW" ) in RCFT one can construct braided subfactors such 
that the statistics matrices S and T and the Kac-Peterson matrices performing the 
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S'Z/(2;Z) transformations of the affine characters (cf. |2^]) coincide. This connection 
between statistics and conformal character transformations is expected to hold quite 
generally in RCFT (e.g. it was conjectured in [^), and the conformal spin-statistics 



theorem pq , 15, ^ establishes this for the T-matrices. To prove this for the S- 
matrices requires one to show that the composition of superselection sectors indeed 
recovers the Verlinde fusion rules, and this has been done for several models, most 
significantly for SU{n) at all levels in For local extensions (cf. ||3^) the subfactor 
N C M can be thought of as a version of the inclusion A C In terms of (a 



variation of) the a-induction formula of |25], such subfactors were first investigated for 



certain conformal inclusions in [41|. This was further analyzed and extended to simple 
current extensions in Q Q|, and that a-induction indeed recovers the corresponding 
modular invariants was found (for SU{2) and SU{5) current algebras) in 

The two inductions, q"*" and a~ , produce chiral systems j^.fX^j and m'^m^ inter- 
secting on the "ambichiral" system jy/'-f^j. Then Eq. (P) can be written as 

^^'/^ = Y.^a A-o ^t,xK,f, , (6) 

with chiral branching coefficients b^^ = (r, ) . Now the question arises whether the 
general subfactor setting of ^, which is also able to produce type II invariants so 
that in particular b^^ ^ b~ ^ is possible, will be confined to coupling matrices of the 
form of Eq. (^) or whether it can even produce other solutions of Eqs. (|^) and (^), 
e.g. with heterotic vacuum coupling. This is the issue of the present paper. We will 
indeed demonstrate that our framework incorporates the general situation, including 
modular invariants corresponding to heterotic extensions of the symmetry algebra. 

In fact, we study subfactors N C M, producing coupling matrices Z, through 
intermediate subfactors, making essential use of the Galois correspondence elaborated 
in 1 23]. We derive in Section |^ that there are intermediate subfactors M_|_ and M_, 



C M± C M, naturally associated to the vacuum column (Zxfi) respectively the 
vacuum row {Zq^\) of the coupling matrix determined by C M. The subfactors 

C M± in turn determine coupling matrices Z^ which are of the form of Eq. (^) 
and can be interpreted as the "type I parents" of the original coupling matrix Z. In 
Section ^ we show that in the case M+ = M_ , so that in particular there is a unique 
parent Z~^ = Z~ , the coupling matrix is indeed of the form of Eq. (^), recovering 
a fusion rule automorphism of the ambichiral system. For the general situation we 
prove a proposition which shows that and M_ should be regarded as the operator 
algebraic version of maximally extended left and right chiral algebras, using a recent 
result of Rehren |35|. In Section ^ we establish the intertwining relations of the chiral 



branching coefficients between the original S- and T-matrices and the "extended" ones 
arising from the ambichiral braiding. It is remarkable that the entire analysis does not 
need to assume that the braiding is non-degenrate, i.e. our results remain valid even 
if the matrices S and T are not modular. In Section |^ we finally show by examples 
from SO{n) current algebras that indeed ^ M_ is possible, that the parents can 
be different, Z+ 7^ Z~ , and that subfactors can produce coupling matrices Z which 
have heterotic vacuum coupling, so that Eq. (§) can not be adopted in general. 
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2 Preliminaries 



Let A and B be type III von Neumann factors. A unital *-homomorphism p : A ^ B 
is called a B-A morphism. The positive number dp = [B : p{A)Y^'^ is called the 
statistical dimension of p; here [B : p{A)] is the Jones index of the subfactor 
p{A) C B. If /9 and a are B-A morphisms with finite statistical dimensions, then the 
vector space of intertwiners 

Hom(p, a) = {t e B : tp{a) = a{a)t , a e A} 

is finite-dimensional, and we denote its dimension by {p, a). An A-B morphism p is a 
conjugate morphism if there are isometries € Hom(idA,7'P) and € Hom(idB,/9p) 
such that p{rp)*rp = dp^ls and 'pirp)*rp = d~^lA- The map cpp : B ^ A, b 
r*p{b)rp, is called the (unique) standard left inverse and satisfies 

4'p{p{a)bp{a')) = a(pp{b)a' , a,a'€A, beB. (7) 

If t G Hom(/9, cr) then we have 

dp(l)p{bt) = dMtb) , beB. (8) 

We work with the setting of @, i.e. we are working with a type III subfactor and 
finite system n-^n C End(A^) of (possibly degenerately) braided morphisms which is 
compatible with the inclusion A'^ C M. Then the inclusion is in particular forced to 
have finite Jones index and also finite depth (see e.g. |jl^). More precisely, we make 
the following 

Assumption 2.1 We assume that we have a type III subfactor N C M together 
with a finite system of endomorphisms N'^n C End(A^) in the sense of I, Def. 2.1] 
which is braided in the sense of [^, Def. 2.2] and such that 9 = li £ for the 

injection M-N morphism t : N ^ M and a conjugate N-M morphism I. 



With the braiding e on N'^n and its extension to Ti{]\jXis[) (the set of finite sums of 

± 

A 



morphisms in N'^n) as in [P], one can define the a-induced morphisms G End(M) 



for A € Yi{mXn) by the Longo-Rehren formula namely by putting 

=Z-i o Ad(e=^(A,6i)) o Aoi, 

where T denotes a conjugate morphism of the injection map l : N M. Then and 
extend A, i.e. cn^oi = ioA, which in turn implies d^± = d\ by the multiplicativity 
of the minimal index |27]. Let 7 = a denote Longo's canonical endomorphism from 



M into N . Then there is an isometry v € IIom(id, 7) such that any m G M is 
uniquely decomposed as m = nv with n £ N. Thus the action of the extensions 
are uniquely characterized by the relation a^{v) = £^{X,9)*v which can be derived 
from the braiding fusion equations (BFE's, see e.g. Eq. (5)]). Moreover, we have 
a^^ = a^a^ if also p G S(jvA'Ar), and clearly a?^^ = id^- In general one has 

Hom(A, p) C Hom(Q^, a^) C Hom(tA, cp) , A, /i G S(Ar<Y7v) . 
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The first inclusion is a consequence of the BFE's. Namely, t £ Hom(A, fi) obeys 
te±(6l,A) = e^{0,n)0{t), and thus 

taf{v) = te^{X, efv = e^ifi, 9)*e{t)v = Oyvt = a^{v)t . 

The second follows from the extension property of a-induction. Hence is a conju- 

gate for as there are r\ G Hom(id, AA) C Hom(id, a^a^) and r\ G Hom(id, AA) C 

Hom(id, a^^a^ ) such that \{r\)*r\ = \{r\)*r\ = We also have some kind of 

naturality equations for a-induced morphisms, 

xe^{p, A) = e^(p, ij)a^{x) (9) 

whenever x G Hom(iA, t/u) and p G Tj{nXisj). 

Recall that the statistics phase of uj\ for A G N'^n is given as 

dA</'A(e+(A,A)) =c^a1. 
The monodromy matrix Y is defined by 

with -/V^^ = (/9, A/i) denoting the fusion coefficients. Then one checks that Y is 
symmetric, that = ^ as well as Yx^ = d\ |l^, (As usual, the label 
"0" refers to the identity morphism id G ArAf/v-) Now let $7 be the diagonal matrix 
with entries J^A./i = ^x^x,^j,- Putting Za,^ = {a~^,a~) defines a matrix subject to the 
constraints Eq. (|2|) and commuting with Y and $7 |^. The Y- and Q-matrices obey 
flY^lYft = zY where z = Yl\^\^>^ 0' HI]' ^^'^ ^^^^ actually holds even if the 
braiding is degenerate (see ^ Sect. 2]). If z / we put c = 4arg(z)/7r, which is 
defined modulo 8, and call it the "central charge". Moreover, S- and T-matrices are 
then defined by 

S=\z\-'^Y, r = e-'^^/^2j^ 

and hence fulfill TSTST = S. One has |zp = w with the global index w = X^a 
and 5" is unitary, so that S and T are indeed the standard generators in a unitary 
representation of the modular group 5L(2;Z), if and only if the braiding is non- 
degenerate [^]. Consequently, Z gives a modular invariant in this case. 

Let M-^M C End(M) denote a system of endomorphisms consisting of a choice 
of representative endomorphisms of each irreducible subsector of sectors of the form 
[iAz], A G AT^AT. We choose id G End(M) representing the trivial sector in M'^m- 
Then we define similarly the chiral systems ^f^^ and the a-system j^,/^^/ to be the 
subsystems of endomorphisms [3 G M'^m such that [/?] is a subsector of [a^] and of of 
[a^a~], respectively, for some A, /i G n^n- (Note that any subsector of [oaQ^^] is au- 
tomatically a subsector of [lvT] for some v G Ni^N-) The ambichiral system is defined 
as the intersection m-^m = m'^m ^ m'^M' so that j^Xl^ d j^X^ C m'^m ^ m^m- 
Their "global indices", i.e. their sums over the squares of the statistical dimensions 
are denoted by wq, w±, Wa and w, and thus fulfill 1 < tfo ^ 'w± <Wa<w. 
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3 More on global indices and chiral locality 

Recall from [0, Prop. 3.1] that w-^- = W- and that w/w^ = ^xiz^^Xm ^a^a,o- We will 
now derive a general formula for the a- global index Wa = X^/jg^^^'^^ and also for 
Wo- We denote by C N'^n the subsystem of degenerate morphisms. 

Proposition 3.1 The a-global index is given by 

Moreover, the ambichiral global index is given by wq = w\/wa- 

Proof. Let i?A.^, A, S N'^n, denote matrices with entries R^^.p = {j3a\a~,l3'), 
P,f3' G M'^M- Further let d denote the column vector with entries dp, P G m'^m- 
Then d is a simultaneous eigenvector of the matrices -Ra./^ with respective eigenvalues 
d\d^j_. We define another vector v by putting 

Then we have Rx^^v = dxdf^v, as we can compute 

{Rx,t,v)p = E/j'e^A-s E^,pGivAr^^^«A"/T,/3')f^^c^p(/3',a^a;) 
= E^,pGjv;tjv d^dp{PalaJ,,a+ap) 

= Ee.rjgivA'jv dxd^d^d^{f3,a+a-) = dxd^vp . 

Because the sum matrix J2x /i ^>^,^J■ irreducible it follows v = C,d, C E M, by the 
uniqueness of the Perron-Frobenius eigenvector. Note that dxd^ = '^i3{P^oi\a~)dp, 
and hence nP' = Ylp'^pdp = C^a- We next notice that = vq as do = 1. But vq can 
be computed as 

^0= ^ dxd^{a±,a^) = ^ Yq^xZx,^iY^,q = ^ ^o,a>a,m^m,o , 

where we used commutativity of the monodromy matrix Y with the coupling matrix 
Z 1^, Thm. 5.7]. By Rehren's argument p^ ] we have 

^ _{ wdx AG ^X^^^ 

Hence Q = wy2\c y^'^s Zq xdx, establishing Eq. (|lO|). 
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Next we define two vectors with entries = d\{j3, a^), (3 G m-^m- 
(the proof of) ||^, Prop. 3.1] we learn that 

+ ^ / df3w/w+ P € 

Consequently {v'^,v~) = wqw'^ lw\. But we can also compute directly 



completing the proof. □ 



Note that Proposition 3.1 in particular provides a new proof of the "generating 
property of a-induction" , i.e. j\^Af^ = m^m if the braiding is non-degenerate, which 
was established in [p, Thm. 5.10]. 

Now recall that the chiral locality condition e^{6,6)v'^ = expresses local com- 
mutativity ("locality") of the extended net, if C M arises from a net of subfactors 



28|. 



Proposition 3.2 The following conditions are equivalent: 

1. We have Zxfl = {9, A) for all A G N'^n- 

2. We have Zo,a = {&, A) for all A E n^n- 

3. Chiral locality holds: e+(6',0)u^ = . 



Proof. The implications 3 =^ 1,2 follow from Thm. 3.9]. We need to show 1,2 
=^ 3. Recall (^,A) = {i,LX). Moreover, by the extension property of a-induction we 
have 

Hom(id, a^) C Hom(/,, lX) , A € n-^n ■ 

Hence, if Zxfi = {d,X) (respectively Zq x = (^lA)) then Hom(id, a^) = Hom(i, tA) 
for all A G N'^N- Then consequently Hom(id, a^) = Hom(/,, /,0). We clearly have 
V € Hom(i,i.0) and hence v"^ = af{v)v = e^{9,9)*v'^ , i.e. chiral locality holds. □ 



Recall from 0, Prop. 3.4] that the coupling matrix arising from a braided subfactor 
with satisfied chiral locality condition is automatically of type I. Hence Proposition 
3.2 states that chiral locality is equivalent to the canonical endomorphism being "fully 
visible" in the vacuum row (or column) of the coupling matrix. 
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4 Intermediate subfactors 



In this section we are searching for certain intermediate subfactors 

N C M CM 

of our subfactor N C M. It follows from Sect. 3] that the set of such intermediate 
subfactors M is in a bijective correspondence with systems of subspaces JCp C Hp, 
where Tip = IIom(i, ip), p € atAtv, and subject to conditions 

(i.) ic; c NiCp, 

(ii.) /Cp/C^ C E5^pa^^«> 

where the sum in (ii.) runs over all ^ E N'^n such that Np^o- > 0. The factor M is 
then generated by N and the /Cp's and is uniquely decomposed as 

M = Y^ NKp . 

p 

The dual canonical endomorphism 6 oi N <Z M decomposes as a sector as [9] = 
0^np[p], where Up = dim/Cp. 
We now define the spaces 

/C^ = IIom(id, a^) , p G n-^n ■ 

Note that JC^ C Hp = Hom(i, ip), that dim/C^ = Zp^ and dim/C^ = ^o,p- 

Lemma 4.1 We have 

= {zv:z£ Hom(0, p) , z-f{v) = ze^{e, e)-f{v)} (11) 



Proof. Let x G /Cp . Now x is uniquely decomposed as x = with z G N. Clearly 
z € Hom(^,p). Then x € Hom(id,ap ) reads, using naturality (see e.g. Eq. (8)]), 

z'y{v)v = zv^ = a^{v)zv = e^{0, p)vzv = e^{9, p)9{z)j{v)v = ze^{6, 9)^{v)v , 

hence is equivalent to z^{v) = ze^{0,9)^{v). □ 

We choose orthonormal bases of isometries t{^p,(T)i £ Hom(^,pc7), i = 1,2, ...,Np^a 
so thatE€E^Srt(«.),t(«.)* = l. 

Lemma 4.2 We have 
(i.) (/C±)* = r;/c± 
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(ii.) /c±/c± c Etr iiUi^ 



Proof. Right Frobenius reciprocity [22| gives us an isomorphism Hom(id, a^) — > 
Hom(id, Op ), x i— > x*rp. Thus any element y € /C^ can be written as x*rp with some 
X G /C^, proving (i.). To prove (ii.), let Xp = ZpV G /C^ and x„ = z^v G /Cj be the 
decompositions according to Lemma Then 

XpX„ = ZpVZ^V = ^Y1 ^(ia)iiiia)iZpOiZahiv)v . 

We first notice that t{p^rj)*Zp0{za-)j{v) G Hom(6', ^). Next we check by use of the BFE 
and by v"^ = ^{v)v that 

32\ 



ZpOizMv) ■ ^^{0, 0h{v) = zpeiz^)e^i9, 9')9{-i{v))-i{v) 

Zp 



zpe{z„)e{e'^{e,e))e^{e,e)^{vf 

p{z^e^{9,9))zpe^{e,e)j{vf 



= zpe{z^)9{e^{e,e)Mv)^ 

= ZpOiz^e^ie, eh{v))j{v) = ZpOizMv) ■ liv) ■ 
We conclude XpXa = Ylfli t{p,a-)iX^^ with = t{^p,a)*Zp9{Za)^{v)v G /C^. □ 



Corollary 4.3 There are two (possibly identical) intermediate subfactors N C M± C 



M with M± = Y, NK,^ 



Our next aim is to show that the subfactors C M± obey the chiral locality 
condition. Let i± : N ^ M± denote the injection maps, so that the (dual) canonical 
endomorphisms are given by 7± = i±L± and 9± = T±i±. We now know that [^_|_] = 
®pZpfl\p\ and [9-] = ©p-Zo,p[p]. Due to commutativity of Y and Z, which yields 
in particular Ylp'^p'^pfi — J2p ^o,pdp, we find de^ = dg , i.e. the subfactors N C M_(_ 
and N C M_ have the same Jones index. Moreover, we can apply a-induction, i.e. 
we define morphisms in End(M5) by 

^tx = ° Ad(e±(A, 9s)) oXois, 

where the index 6 is either 6 = + or 5 = —. This will give rise to "parent" coupling 
matrices Z^ . Thanks to Prop. |3.2| , it suffices to show Z^^ = Z\f) and Z^-^ = Zq^A) 
A G N-^N^ to prove that the chiral locality condition holds for N C Mj^ and N C M_, 
respectively. 

Lemma 4.4 We have oc^.yi^x^ = e^{\^pfxp for any Xp G ICp and X, p € n^n- 
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Proof. Let Xp = ZpV be the decomposition according to Lemma 4.L We first notice 
that 

'-f5{zpv)6s{n) = ^s{zp0{n)v) = js{p{n)zpv) = 0sp{n)-fs{zpv) 
for any n N, i.e. ^^{xp) E Y{om.{9^,6^p). Therefore we can compute 



= e^iOs, Xye^iOs, X)es{e^{p, X))^s{xp) = 7s{e^{X, pfxp) , 
and apphcation of yields the statement. □ 

In the same manner we obtain of course also a^(xp) = e^{X, p)*Xp for any Xp G 
Hom(i, bp). Therefore we obtain immediately 

Corollary 4.5 We have a^Uf^ = "^^^^a- 

Hence x\Xp = a^{xp)x\ = af.^{xp)x\ whenever xx G /C^ and Xp G /C^, and thus 
in particular /C^ C Hom(idM±, a^.^)- (Warning: Note that the super- and subscripts, 
referring to the ib-induction respectively to the choice of the algebra M-t, now have 
to be the same because we have /C^ C and K,^ C M_, but in general not the 
other way round. Here and in the following, any formula containing such combined 
ib-indices has to be read in such a way that we either take all the upper or all the 
lower signs.) On the other hand we have 

(idM±, a|;A) < (6'±, X) = dim/C^ , 
Therefore we arrive in particular at 

Corollary 4.6 We have Hom(idM± , ck^.a) = ^a '^'^y ^ ^ n-^n- 



Corollary tells us in particular that Zj^^ = Zxfl and Z^^ = Zq x, so that both 
subfactors N C M± must satisfy the chiral locality condition. In turn they must 
be irreducible by the argument of |^ Cor. 3.6]. We summarize the discussion in the 
following 

Theorem 4.7 There are two (possibly identical) intermediate subfactors N C M± C 
M. The irreducible subfactors N C M_|_ and N C M_ have the same Jones index, they 
both satisfy the chiral locality condition and consequently give rise to type I coupling 
matrices Z^ . The latter are related to the coupling matrix of the full subf actor N C M 
through Z^^ = Zxfl and Z^^ = Zq^x- 
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5 Chiral fusion rule automorphisms 

We now investigate the relations between the chiral systems i^r^M, m'^m m '^a 



M^^IVD M^^M ^^^^ M+^^M+^ 

M_^M ' respectively. Note that by [P, Prop. 3.1] and Theorem 4/7, they all must 



have the same chiral global index w-^-. 
Lemma 5.1 We have 

Hom(a^, a;^) = Hom(d|.;^, a%.^) , (12) 
in particular Hom(a^,aj^) C M±, for any A,^ G T,{nXn). 

Proof. First let ^ G S(jv/kiv). Then there are orthonormal bases of isometries s^^i € 
Hom(z^,^), u G N'^N, i = 1; 2, (z/, such that Ylwi^'^^iKi ~ write 
X G Hom(id, a^) as ^ Su^isl^x, and we notice s* jX G Hom(id, a^) = Hom(id, a±.jy), 
thanks to Corollary |4.6| , so that x G Hom(id, a^.^). The same argument works vice 
versa. Now let X, fj, T,{nXn). Then we have Frobenius isomorphisms 

Hom(a^,a;^) — > Hom(id,aJ^) = Hom(id,d^-^) — > Hom(a|.^, d|.^) 
which map 

ti-^ s = ^J d\/d^a^{t)rx , s ^ t' = dxd^r'la^.^is) . 



As we have 



t' = dxrla%^{a^{t)rx) = dxrla%.{t)\{rx) = t 



it follows Hom(a^ ;"jr) = Hom(d^.^, d^.^) C M±. □ 

Lemma 5.2 Each [5± G m'^m equivalent to an extension of some P± G m±'^m±- 
This association gives rise to bijections '&± : j^jX^ m±'^m±- 

Proof. Assume /? = /?+ G m'^^m^ ^-^^ there is a A G N'^^n and an isometry t G 
Hom(/3, ct^). Then tt* is a minimal projection in Hom(d^.^, d^._;^) by Lemma p| . 
Hence there is a /? G m+'^m+ isometry i G Hom(/3, q^.^) such that it* = tt*. 

Thus putting f3'{m) = i*a~j^{m)i for m £ M gives an equivalent endomorphism, as 
P = Ad(ti) o p' with the unitary u = t*t £ M, and we clearly have P'\m+ = P, 



thanks to Corollary [4.5| . It remains to show that, if Pi,P2 £ a/+'^a/+ correspond this 
way to different Pi,P2 G ^v/'^mj then f3i and /3i are disjoint. Let tj G Hom(/?j,a^ ) 
and ij G Hom(/3j, d^.^^ ,) be isometries as above, i.e. tjtj = iji*, j = 1,2. As- 
sume for contradiction that there is a unitary q G Hom(/3i, /32). But then t2qtl G 
Hom(d^._)^^, d^.^^) = Hom(a^^, a^^), so that t2^2<i'iiii is a unitary in Hom(/3i, /32), in 
contradiction to Pi, P2 being different elements in j^X^. Hence the association P ^ P 
defines a bijection t?+ : j^z-^m ~^ m+'^m+- '^he proof is completed by exchanging "+" 
by "-" signs. □ 
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Lemma 5.3 The bijections : m'^m ~^ m±^m± pf^serve the chiral branching, 

{(3,al) = {^±{(3),a%.^) , X^nXn, (3 e m^m ^ (13) 
and the chiral fusion rules 

(/33,/3l/?2) = {^±m,^±Wl)^±m) , Pl,P2,P3 G M^M^ (14) 

and the statistical dimensions. 

Proof. We just consider the "+" case, the proof for "— " is anafogous. By Lemma 
5.2 we may and do assume for simphcity that now all (3 £ m'^m choosen such 
that (3\m+ = This already forces equality of statistical dimensions dp = 

d^+{f3)- Moreover, we just have Hom(/3, a|") = Hom(t?+(/3), d^.;^), giving Eq. ([T^). 
Given isometries tj G Hom(/?j,a^ ) = Hom(i?+(/3j), q^.;^_^. ), j = 1,2,3, and also y G 
Hom(/33, /3i/32), then we find similarly 

tial^{t2)ytl G Hom(a+ ,a+ Q+ ) = Hom(d+.;^^, a+^^d+^^J 

by Lemma |5.1[ Therefore, by using a^^{t2) = a^.^^{t2) we finally find that y G 
Hom(T?+(/33), '!9+(/3i)t?+(/32))- The same argument works vice versa, so that the in- 
tertwiner spaces Hom(/33, /?i/32) and Hom(i?+(/33), t?+(/3i)'(?+(/32)) are equal. □ 



Lemma 5.4 The bijections '&± restrict to bijections jvi-^m ~^ mJ^m± '^f ambichi- 
ral subsystems. 

Proof. Let r G m'^m^ f^i^re are isometries s G Hom(T, a^) and t G Hom(T, a~) 
for some A, /u G N'^n- Put q = ts* £ Hom(a^, a~). Then q G Hom(iA, t/u) and 

qe^{X,p)*Xp = e~{n,p)*Xpq 

whenever Xp G Hom(z.,z.p). Hence, using Eq. (^), we calculate the left-hand side as 

qe+{X,p)*Xp = qe~{p,\)xp = e~ {p, p)a~ {q)xp = e'^ {^i, p)* a~{q)xp . 

Now let us specialize to the case Xp G /C^ . Then Xpq = a~{q)xp, so that 

e^{p, p)*Xpq = p)*Xpq . 

It follows a^.^{m)q = aZ-p{rn)q for all m G M_. But note that qq* = tt* which lies 
in Hom((iI.^, dZ.^) by Lemma ^.1| . Hence a'^.^{m)tt* = aZ-p{m)tt* for all m G M_. 
We can similarly derive that a'^.^{m)ss* = d^.^(m)ss* for all m G M+. There are 
isometries i G Hom(T?_(r), dl.^) and s G Hom(t?+(T), d^.^) such that tt* = tt* and 
ss* = ss* . But we now find 

i?_(r)(m) = t*dl.^(m)t = t*dt.^(m)t , m G M_ , 
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as well as 

'!?+(r)(m) = s*d^.^(m)s = s*a'^.^{m)s , m G M+ , 

i.e. ^±{t) € Mj^m±- Thus t?± map j^Xj^ into 7Vf±'^M±- -^^^ follows from Proposition 
3.1 and Theorem 4/7 that the systems j^X^ and j^^'l^^^ all have the same ambichiral 



global index wq. This proves the lemma. □ 

We now can state the precise relation between the coupling matrix Z, arising from 
N C M and given as in Eq. (^), and its type I parents arising from N C M±. 

Theorem 5.5 The entries of the type I coupling matrices arising from N C M± 
can be written as 

E (15) 

with chiral branching coefficients 

b$^ = (r, a±) , T G ,,XIj , XGnXn. (16) 



If the two intermediate subf actors of Corollary {j.S^ are identical, M+ = M_, (so that 
the parent coupling matrices coincide, Z^ = Z~ ) then the entries of the coupling 
matrix Z arising from the full N C M can be written as 

Zx,,= E ^A^M,,- (17) 

Here the permutation oj = o of m'^M' satisfying w(0) = 0, realizes an auto- 
morphism of the ambichiral fusion rules. 

Proof. Since the chiral locality condition holds for N C M± we have 
for f± G M^M± ™^ ^ N^N, thanks to Prop. 3.3]. Therefore 

for A, ^ G nXn- Now if M+ = M_ then 

^A,M = Ere„.YO,(«A'^)(^'"A:) = Sre,,A'0, &^A (^) ' 

= E.e,,;t«/^A(^-(^)>"U = E.e,,;.o, <a(^;' °^-(r),«+) 

for A, ^ G Ar/fAr. As M+ = M_, putting a; = 'd'^'^o'd- gives a well-defined permutation 
of j^iX^i and yields the desired formula Z^^^ = X^tg^^ A'^f a^^t) /i' l-'^^ *° Lemma 
|5.3| , w preserves the fusion rules and we also have a;(0) =0 because always d±{\.dM) = 
idM± • n 
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Note that even if M_|_ 7^ M_ , 7^ Z , the couphng matrix Z is still governed by 

an isomorphism of (ambichiral) fusion rule algebras, in perfect agreement with [p^]. 

vO 



Namely, if we use the system f+ S for the summation in Z, then the general 



formula Eq. (^) can be written as 

for X, fi £ n-Xn, by virtue of Lemma 5.3 and chiral locality, guaranteeing ||5|, Prop. 
3.3]. Here •& is the bijection i9 = t?_oi?~ : jy.f_X^.j^ — > ]\,jX^.j_ , yielding an isomorphism 
of the ambichiral fusion rules. This corresponds to the "extended" coupling matrix 

which now has different left and right labels. (The reader may think of left and right 
extended characters x^'^ = ^x{^j^±''^±l±)xx here.) This extended coupling matrix 
also appears in Eq. (|20| ) below. Now only if M+ = M_, so that jv.//t'^j^ = a^.-^m.' 



Eq. (p^ ) can be reduced to Z^^-, = which is nothing but the permutation 

LO up to relabeling by m'^m^ ^ ~ '^+^ o ^ o ^j^^ which we used in Eq. (|^) just for 
notational convenience. 

Recall that there is a relative braiding between the morphisms in jvi-^m ^^-^^ M'^m 
which restricts to a proper braiding on ^//'^m; ™d for r, r' G m'^m these braiding 
operators are given by Q 

er(r,r') = s*a~{t)*e'^{\n)al{s)t 

whenever t G Hom(T, a^") and s G Hom(r',a~) are isometries, A,/i G ArAf/v- We 
can extend this braiding from j^.fX^.f to $](^jAf^j) as explained in ||6|, Sect. 2]. Now 
let A^°PP denote the opposite algebra of N and let j denote the natural anti-linear 
isomorphism. For A G End(A^) we denote A°pp = j o \ o j . We proceed analogously 
for M'^^ , the opposite algebra of M_. 

Proposition 5.6 There exists a (type III) factor B such that we have irreducible 
inclusions 

N ® iV°PP C M+ (g) M°PP C B (19) 
with the following properties: 

1. The dual canonical endomorphism Qext of the inclusion M_|_ (g) C B de- 
composes as 

[0ext]= [^?+(t)0^4t)°PP]. (20) 

2. The dual canonical endomorphism of the inclusion N^N"'^'^ C B decomposes 
as 

[©]= © ^a,m[A®/x°pp]. (21) 
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3. IfT±,a± G End(M) are the extensions off±,a± € mJ^m±' respectively, accord- 
ing to Lemma \5.2^ then 



ycr+(x)ei.(r+,o-+) = er{f-,d^)T-{y)x (22) 
holds whenever x G Hom(r+, r_) and y € Hom(cj+, cr_). 



Proof. Lemma |5.2| (together with Lemma 5^) tehs us that f± G m±'M± '^^'^ ^® 



extended to t± G End(M) such that r_|_ and r_ are equivalent to some morphisms 
in jv/'^M' have [r+] = [t_] if and only if f± = t?±(r) for a r G m^m- Using 



these extensions for subfactors M± C M with systems A/^f^^/^, then |35] determines a 
factor 5 such that M+ (g) M°pp C B is an irreducible subfactor with its dual canonical 
endomorphism ©ext decomposing as 

[0-t]= (r+,r_)[f+®f°PP]= [^+(r)0^_(rrP], 

proving 1. Now note that the injection map for ® A^°pp ^ M+ ® M'^'^ is given by 
t+ (8> . Therefore the dual canonical endomorphism for ® A^°pp c i3 is obtained 
as e = (1+ o 6*=^* o {l+ ® t°PP) so that 

[©]= [(Ho^+(r)o,+ )0(Z_o^_(r)o,_)°PP]. 



Now 



[Z±o^±(r)oi±] = (l±o^±(r)o.±,A)[A], 
and since the subfactors C M± satisfy chiral locality one has 

by virtue of (5|, Prop. 3.3] and Lemma |5.3| . Hence 

[©]= <A^r-;.[A®/.°PP]= Z,,^[A0/.°PP], 

proving ^. Finally, if T±,a± G End(M) denote the extensions of f±,a± G m^m±^ 
respectively, as in Lemma |5.2| , then there are some A+, A_ , /i_ G N'^n and isome- 
trics t± G Hom(f±, q;^.;^^) and s± G Hom((T±, q^.^^) so that T±{m) = tj_a^^(m)t± 
and cr±(m) = Sj_a^^(m)s± for all m G M. Note that also t± G Hom(-f±, q;^.;^_|_) and 
s± G Hom((T-|-, a^.^^) because chiral locality holds for N C M± and then ambichiral 
morphisms are obtained from a^- and Q;~-induction by use of the same isometrics H, 
Sect. 3]. Hence we have 

er(T±,a-±) = s±a±.^^(t±)*e+(A±,/x±)a|.;^^(s±)i± 
= s±a^±(t±)*e+(A±,/x±)a^^(s±)t± , 
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where we also used Corollary We now can compute 

= s*-a~_ {i*_Lxil)e+{X+, /U_)a+^ {s-y)i+ 

= S-a-_ {i*_)e+ {X-, H-)i^xiXal^ (s_)t+r+(y) 

= sla-_ii*_)e+ {X^, n^)a^_{s-)i^xT+{y) = e,{f^,a^)T^{y)x , 

where we used Eq. twice, proving 3. □ 



The relevance of Proposition |5.6| is the following. Suppose that our factor N is 
obtained as a local factor N = N{Io) of a quantum field theoretical net of factors 
{N{I)} indexed by proper intervals I C M on the real line, and that the system n^n 
is obtained as restrictions of DHR-morphisms (cf. pi]]) to N. This is in fact the 
case in our RCFT examples arising from current algebras where the net is defined 
in terms of local loop groups in the vacuum representation. Taking two copies of 
such a net and placing the real axes on the light cone, then this defines a local 
net {^(O)}, indexed by double cones O on two-dimensional Minkowski space (cf. 

for such constructions). Given a subfactor N C M, determining in turn two 
subfactors N C M± obeying chiral locality, will provide two local nets of subfactors 
{A^(/) C M±(/)} due to |2|]. Arranging M+(/) and M_(J) on the two light cone 
axes defines a local net of subfactors {A{0) C ^ext(C')} in Minkowski space. The 
embedding M^(^M'^^ C B gives rise to another net of subfactors {^ext(C') C B{0)}, 
and Eq. (^) ensures that the net {B{0)} satisfies locality, due to Rehren's recent 
result 1 35]. As already shown in ||3^, there exist a local two-dimensional quantum 
field theory such that the coupling matrix Z describes its restriction to the tensor 
products of its chiral building blocks N{I), and this is here expressed in Eq. (^). Now 
Eq. (|2^) tells us that there are chiral extensions N{I) C M+(/) and N{I) C M_(/) 
for left and right chiral nets which are indeed maximal as the coupling matrix for 
{Aeyit{0) C B{0)} is a bijection. This shows that the inclusions C M± should in 
fact be regarded as the subfactor version of left- and right maximal extensions of the 
chiral algebra. 



6 Extended S- and T-matrices 

Using the braiding arising from the relative braiding one can define the statistics 
phase ujr of T G a/'^a/ by (ir^rCSrl''", ''")) = 

Lemma 6.1 Let r G m'^m •^'"c/i that [t] is a subsector of [a^] and [a^] for some 
A, /i € N'^N- Then we have ojx = ujr = OJ^- 
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Proof. Let t G Hom(r, a^) and s S Hom(r, a^) be isometries. Then 

UJrl = dr<i)r{ev{T,T)) = drfpris* tt' (t)* 8+ {X, fi)al {s)t) 

= dr(pr{T{t)* S*e+ {X, fJ,)tT{s)) = drt* (j)r{s* {X, fj.)t)s 

= dxt*^^+{ts*e+{X, fi))s = dxt*(l)^+{e+{X, X)a+{ts*))s 
= dxt*(^^+{e+{X,X))ts*s, 

where we used Eq. (|), Eq. (||), and since ts* £ Hom(i^, lX) we could also apply Eq. 
(|9|). Note that (p^+ can be given as (f>^+{m) = r'^aj{m)rx for all m € M, so that in 
particular (p^+^n) = (j)\{n) for n £ N. Hence uJr = wa- We can compute similarly 



drt*(t)r{s*e+{X, fi)t)s = df,t*((>^~ (e (A, fi)ts*)s = df,t*((>^- {a {ts*)e^{fi, , 

jj, jJ, 

establishing uJr = ^a- D 



Note that with the expansion Eq. (pj), Lemma 3.1 implies easily uj\Z\^^ = Zx^^ojf^, 
i.e. it gives a new and simple proof of the commutativity of the matrices O and Z 
which was first established in ||6|, Thm. 5.7]. 

Lemma 6.2 For (3 £ M'^m we have 

..,Mat) = i^^'^^"°' - (23) 



: otherwise. 



Proof. All we need to show is that the left hand side of Eq. (|2^) vanishes whenever 
j3 ^ M'^M because we recall once more from (the proof of) 0, Prop. 3.1] that we have 
drw/w-y. = Y^)^ dxbf^ for any r G m'^m^ ^'^'^ then the claim follows from Lemma 3.1. 
For this purpose we define vectors with entries 



4 = 



We clearly have 

|2 _ 

= Sa.a* ^o,a^a,^2'^,o , 



where we used that Z^,o = ^fiZf_ifi by Lemma 3.1. Similarly we obtain \\u |p 
Sa ^o,A^A,/t^o,M- On the other hand, we can compute the inner product 

{u+,u-) = T.x,f,T>f3^\^dxd^u;^{al,f3){p,a-) = Y^^^^uj-^dxd^uj^Zx,f, 
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where we used the commutativity of Q and Y with Z of Thm. 5.7]. Commuting 
Z in the fifth equahty to the left rather than to the right gives {u^,u~) = 
Thus we conclude = u~ . Since obviously = whenever /? ^ m^m ^^^^ implies 
= whenever /? ^ m'^m- '-' 



Let Y and ^ denote the Y- and O-matrices associated to the braided system 



Lemma 6.3 We have 
w 



■ E Yrf'h^',,= E ^Va.m' E ^^:^'^^,m= E ^^f^A,, (24) 

-r'&M^ll ^e^'^^ ^'^M^ll ^ejvA'jv 

/or a// T G M'^M ^'^'^ ^ ^ Af-^Af- 

Proof. Note that the second relation in Eq. (p^) is nothing but Lemma |6.1| , as this 
is just uJrb^x ~ a'^a- So we just need to verify the first relation in Eq. (pi]). We 
now compute 

E^'a^,. = E = E 

= E ' ) = E E -^^p («p ) 

P P P 13 P 

= ^ E ' ™M ) = ^ E ' «M ) 

= - E ^<:'^-'e . = - E^r>^ . ' 

W+ ^„ UJr" ' 'P W+ ' ^ 'P 



where we used (the complex conjugate of) Lemma 6^ in the fifth equality. □ 



Recall from Section || the complex number z = '^xeN'^N ^a'^a- Analogously we 

put Zo = Y^re^^X^dl^r. 



Lemma 6.4 We have zq = z. 

w 



Proof. Using Lemma p.2| we can compute 
zo= y uJrdl = — Y] y~] ujxdx{l3,a^)dp = — uJxdl = —z, 

where we used Y^fi^^Xu oi\)dfi = dx- □ 
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Assume that z 7^ so that the central charge can be defined. Since w/w+ is a real 
number, Lemma |6.4| tells us that the central charges c and Cext of the braided systems 
N^N and jvf'^M' respectively, which are defined modulo 8, coincide. As a corollary 



of Lemma 3.3, the intertwining properties of chiral branching coefficients between 



original and extended S- and T-matrices are therefore clarified in the following 
Theorem 6.5 Provided z ^ one has 

E C.'&^,.= E ^^^A,,, E TrT'K',,= E btxTx,, (25) 

r'e„AfO, X€nXn r'&^Xlj \&nXm 

for all T £ M'^M ^'^^ A* ^ N-^N- 

We would like to remind the reader that, if the braiding on n^n is non-degenerate, 
then so is the ambichiral braiding [0, Thm. 4.2]. In other words, whenever the original 
S- and T-matrices are modular then so are the extended S- and T-matrices. 

Now let us return to our situation N C M± C M and apply the above results also 
to the subfactors A'' C M±. Let Y'^^^'^ and O*'^*'^ the Y- and 0-matrices associated 
to the braided systems m_^m±- Recalling now Z^q = Zx^ and Z^^ = Zq^x, we obtain 
from Lemmata 5.3, [5.4| , |0| and 6.4 the following 



Theorem 6.6 The matrices Y^"^^ , Q^^^ , and Y^"^^'^, Q^"^^'^ coincide subject to the 
bisections 'd±. If z ^ 0, then so do the corresponding S- and T-matrices which are 
then well- defined. In formulae, 

oext Qext;it rpcxt ^ext;it fOfi\ 

'^t,t' — '^i9±(t),i?±(t') ' ^r,r' " »9± (t),i?± (r') ' V^°^ 

for all T, t' G m'^m- 

We remark that in the case that M_|_ = M_ one obtains by use of the properties 



of the relative braiding operators [^, Lemma 3.11] and from Corollary 4^, that the 
ambichiral braiding operators are the same for j^f^M m^m±^ subject to the 



bijections so that Theorem 6.6 is trivial in this case. 



7 Heterotic examples 



We consider the SO{n) current algebra models at level 1, and where n is a multiple of 
16, n = 16^, ^ = 1,2, 3, ... . These theories have four sectors, the basic (0), vector (v), 
spinor (s) and conjugate spinor (c) module, corresponding to highest weights 0, A(i), 
^{r-i) and A(^-), respectively; here r = n/2 = 8£ is the rank of SO{n). The conformal 
dimensions are given as /iq = 0, = 1/2, kg = he = i, and the sectors obey Z2 x Z2 
fusion rules. The Kac-Peterson matrices are given explicitly as 



s = i 

2 



/ 1 

1 

1 

V 1 



1 \ 

-1 
-1 

1 / 



-27ri£/3 



/ 1 




Vo 



\ 
-100 
010 
001/ 



(27) 
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It is easy to check that there are exactly six modular invariants, Z = 1, W ^ Xg, X^, 
Q, ^Q. Here 



W 



( 1 













1 

















1 


^0 





1 


/ 



X, 



( 1 
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M 














1 





1 





Vo 








/ 



Q 



( 1 








1\ 














1 








1 


Vo 








/ 



and Xc = WXsW. (Note that Q = X^W and = WX^.) The matrix Q and its 
transpose *Q are two examples for modular invariants with non-symmetric vacuum 
coupling. Such "heterotic" invariants seem to be extremely rare and have not enjoyed 
particular attention in the literature, perhaps because they were erroneously dismissed 
as being spurious in the sense that they would not correspond to a physical partition 



function. Examples for truly spurious modular invariants were given in |37, ^] 
and found to be "coincidental" linear combinations of proper physical invariants. 
Note that although there is a linear dependence here, namely 

1-PF-Xs-Xe + Q + *Q = 0, 

we cannot express Q (or ^Q) alone as a linear combination of the four symmetric 
invariants. This may serve as a first indication that Q and are not spurious. We 
will now demonstrate that they can be realized from subfactors. 

The Z2 X Z2 fusion rules for these models were proven in the DHR framework 
in IQ, and together with the conformal spin and statistics theorem ]T6| , [T5| , pC| ] we 
conclude that there is a net of type III factors on S*^ with a system {id, /9v, Psj Pc} of 
localized and transportable, hence braided endomorphisms, such that the statistics 
S- and T-matrices are given by Eq. (p7|). Because the statistics phases are given as 

= — 1 and (Js = cjc = 1, we can assume that the morphisms in the system obey 
the Z2 X Z2 fusion rules even by individual multiplication. 



Pc 



id. 



PvPs = PsPv = Pc , 



thanks to |33, Lemma 4.4]. This is enough to proceed with the DHR construction 



of the field net |13], as already carried out similarly for simple current extensions 
with cyclic groups in Q ^. In fact, all we need to do here is to pick a single local 
factor N = N{I) such that the interval I C contains the localization region of the 
morphisms, and then we construct the cross product subfactor N C N Xi (Z2 x Z2). 
Then the corresponding dual canonical endomorphism 9 decomposes as a sector as 

[6] = [id] e [pv] ® [ps] © [pc] ■ 

Checking {lX, ifi) = {9X,fj.) = 1 for X, fj. = id, p^, ps, Pc, we find that there is only 
a single M-N sector, namely [l]. By Cor. 6.13] we conclude that the modular 
invariant coupling matrix Z arising from this subfactor must fulfill trZ = 1. This 
leaves only the possibility that Z is Q or ^Q. We may and do assume that Z = Q, 
otherwise we exchange braiding and opposite braiding. It is easy to determine the 
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intermediate subfactors N C M± C M. Namely, we have = Xp^ Z2 and 
M_ = xip^ Z2 with dual canonical endomorphism sectors [0+] = [id] © [ps] and 
= [id] © [/9c], respectively. That both extensions are local can also be checked 
from = = 1- We therefore find = Xs and = Xc- Finally, the permutation 
invariant W is obtained from the non-local extension = N Xp^ Z2. 



8 Conclusions 

We studied the structure of coupling matrices Z arising from braided subfactors 
N C AI through intermediate subfactors C M± C M which in turn determine 
type I "parent" coupling matrices Z^. We demonstrated that the inclusions N C M_|_ 
and N C M_ should be recognized as the subfactor version of left and right maximal 
chiral algebra extensions. The main application we have in mind is RCFT where the 
S- and T-matrices arising from the braiding are modular. For current algebra models 
based on Lie groups SU (n) or others, the coupling matrices from subfactors are then 
modular invariants for their Kac- Peterson matrices. Most but not all of the known 
modular invariant coupling matrices of such models are either type I, Eq. (^), or 
type II, Eq. (|^, and the type II invariants have a unique type I parent. For example, 
the parents of the SU (2) type II modular invariants T)2£+i = 2, 3, . . .) and E7 are 
A4£_i and Dio, respectively. For such invariants the extended left and right chiral 
algebras are the same. (In the Dodd examples the extended algebras are the original, 
identical left and right current algebras.) In fact, the E7 modular invariant has been 
constructed from a subfactor with [6] = [Aq] © [As] © [Aig] in [^, and here we obtain 
M+ = M_ with [9±] = [Aq] © [Aig] which produces the simple current extension 
Dio invariant. For the cases Devenj Eg and Eg treated in |Q, H] where C M is 
subject to chiral locality from the beginning, we clearly find M = = M_ which 
indeed are the local factors of the local chiral extensions considered e.g. in |3^ ]. (In 
fact all invariants obtained from subfactors obeying chiral locality are clearly their 
own parents due to Proposition ^^■) We showed that Z is in fact type II, Eq. (Q), 
whenever the extensions coincide, M_|_ = Af_. 

It is interesting that all our results could be derived without assuming the non- 
degeneracy of the braiding, i.e. all our statements are true even if the modular group 
is not around. We similarly derived in [^ without such condition that trivial vacuum 
coupling, Zxfl = 5xfi, is equivalent to Z being a fusion rule automorphism (and to 
■^o,A = ^x,o), thus recovering a result previously encountered in RCFT |l2|, |2^. In 
this paper we started with a braided subfactor producing some coupling matrix with 
possibly non-trivial vacuum coupling, and our results show that the "extended" cou- 
pling matrix, Eq. (p^, is a bijection mj^M- which yields an isomorphism 
of the fusion rules of the ambichiral systems. Moreover, the corresponding extended 



S- and T-matrices coincide subject to this isomorphism (Theorem 6^). In the (mod- 
ular) RCFT case, they are recognized as the S- and T-matrices of the extended left 
and right chiral algebra, and therefore Theorem |6.6| provides in particular a subfactor 



version of |2£, Eq. (4.5)]. But note that the derivations of the fusion rule automor- 
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phism in |12, 29 1 in turn rely on the Verlinde formula |35] whereas our derivation 
holds even if the braiding is degenerate, i.e. even if the Verlinde formula does not 



hold. Our result comes in the same spirit as [34| where the embedding of left and 
right chiral observables in a 2D conformal quantum field theory is analyzed and the 
corresponding coupling matrix is shown to describe an automorphism of fusion rules 



if and only if the chiral observables are maximal. Namely, the result of |34] is derived 
under very general assumptions in the framework of local quantum physics, and it 
is in particular entirely independent of the SL{2; Z) machinery heavily exploited in 



Note that "almost all" known modular invariants satisfy Zx^ = Zq^\. This means 
[0+] = [0-], and this comes close to M_(_ = M_. In particular, if (0, A) < 1, then this 
forces /C^ = K,^ so that we necessarily have M_|_ = M_. Similarly a total degenerate 
braiding gives rise to M+ = M_. Nevertheless our example in Section ^ has shown 
that M_|_ 7^ M_ is possible, an that even ^ Z~ can occur. The significance of 
different left and right chiral extensions reflected in the possibility M_|_ ^ Af_ and 
even in different parent coupling matrices may come a little surprising. For example, 
the related "heterotic" extensions of current algebra models are not particularly well 
studied objects. One reason may be that the most popular models, those based on 
SU (n) current algebras, only seem to have modular invariants with identical parents 
— it is in fact likely that all SU (n) invariants are entirely symmetric.^ But can it 
happen that Z~^ = Z~ but ^ M_? We do not know an example but we neither 
see a reason why this should not be possible. For instance, if there is (A, 9) > 2 for 
some A then it may happen that /C^ ^ IC^ though these spaces may still have the 
same dimension, Zx^q = Zq^x- In other words, it is conceivable that certain modular 
invariants look like being type I or type II though they really come from heterotic 
extensions. 

Let us finally mention that the exotic modular invariants which are argued not 



to correspond to any RCFT in 3£, 18], will not be produced from subfactors by 



the machinery of |^, 0]. Note that the standard argument showing that a modular 
invariant Z does not give a partition function of a RCFT is to disprove the existence of 
an extended S-matrix. However, from braided subfactors there always arises a matrix 
^ext ^j^]^ g^j^ ^]^g required properties. And in fact, Rehren's recent result |^5| (and in 
turn our Proposition |5.6| ) shows generally that all coupling matrices which arise from 
an embedding of some local algebra of a chiral RCFT describe the restriction of a 
2D RCFT to its chiral building blocks. This implies for example that the heterotic 
modular invariants Q and *Q discussed in Section]^ are in fact coupling matrices of a 
RCFT whose chiral algebras are different maximal extensions of the SO{n)i current 
algebra. 
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